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Wake of a Compressor Cascade with Tip Gap, Part 3:
Two-Point Statistics

Christian W. Wenger,* William J. Devenport,” Kenneth S. Wittmer,* and Chittiappa Muthanna®
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

Velocity spectra and space—time correlations have been measured downstream of a low-speed linear compressor
cascade with tip gap. The objective of this work is an improved understanding of the coherent turbulence structures
present in fan-tip wakes and of the turbulent source terms responsible for broadband stator noise. The two-point
measurements show no correlation between turbulent motions in the wakes or leakage vortices shed by adjacent
blades and that the leakage vortex is not subject to low-frequency wandering motions. They also show that the tip
leakage vortex turbulence is highly anisotropic and characterized by elongated eddies inclined at about 30 deg to
the vortex axis. The presence of such structures, which produce no clearly identifiable footprint in velocity spectra,
appears consistent with the helical structures seen in direct numerical simulations of a line vortex with unstably
large streamwise velocity defect. This suggests the same mechanism is behind the generation of turbulence in this
vortex. Examination of the correlation data from the point of view of a hypothetical stator blade suggests that,
because of the anisotropy in turbulence structure, velocity correlations seen by a stator in a real engine are likely
to be a strong function of engine geometry and operating point.

Introduction

HIS paper is our third in a series dealing with the flow down-

stream of a linear compressor cascade. This cascade is designed
to reproduce, in an idealized setting, some of the important condi-
tions experienced in the subsonic fan of a large-bypass-ratio aircraft
engine, specifically the mechanisms leading to the generation and
evolution of the tip leakage vortices that dominate the casing endwall
flow, which impinges on the bypass stator. Our first two papers'- fo-
cused on single-point velocity measurements of the mean flow and
Reynolds-stress fields produced by the blade wakes, the leakage
vortices, and the associated endwall flow, as functions of stream-
wise position, tip gap, and relative motion between the blade tips
and endwall. Such measurements provide data and understanding to
aid in the development and testing of computational-fluid-dynamics
(CFD) prediction tools for calculation of the unsteady aerodynam-
ics and tone noise produced by the stator interaction. In this paper
we focus on two-point turbulence measurements. This type of in-
formation not only provides insight into the scale and form of the
coherent structures that populate the turbulent regions, but is also
critical to understanding the generation of broadband noise by the
stator row.

To predict the broadband rotor/stator interaction noise, it is, in
principle, necessary to have a complete description of the rotor wake
turbulence in terms of its two-point space—time correlation function
and a response model for the blade row. Complete two-point in-
formation is rarely available even for relatively simple flows and
cannot be provided by performing Reynolds-averaged CFD calcu-
lations. Drastic assumptions about the form of the two-point cor-
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relation function are therefore made. Specifically, correlation func-
tions based on the von Kdrman spectrum for isotropic homogeneous
turbulence are usually assumed,>* even though neither of these ad-
jectives fits the fan wake flow.

The objective of the present paper is an improved understanding
of the two-point space—time correlation function of fan-tip wakes
and thus of the coherent turbulence structures present in them. Our
approach is to use the Virginia Tech Compressor Cascade as an
idealized model of the engine flow. Through single- and two-point
measurements in this flow, we have been able to observe the form
and source of the turbulence and provide a benchmark database for
the calibration and testing of prediction methods. We have also been
able to examine the turbulence from the point of view of its potential
to produce broadband noise and highlight some of the difficulties
that predicting that noise might involve.

Background to the Two-Point Measurements

Measurements were made in the same eight-blade linear cascade
facility described in Part 1 (Ref. 1), using the same hot-wire instru-
mentation and procedures. Two-point measurements were made by
simultaneously using two of the three-component hot-wire systems
described in Part 1. The cascade blades (Fig. 1), chosen because
they produce a loading similar to that seen in an aircraft engine
fan, produce 12.5 deg of turning. The blades are mounted through
the upper wall of the tunnel with their tips resting a short distance
above the plane endwall. Blade spacing, chord, and axial chord ¢,
are, respectively, 236, 254, and 139 mm. Blade span is 254 mm,
less the tip gap of 4.0 mm (1.6% chord). Endwall boundary-layer
thickness measured midpassage at the cascade inlet is 5.6 mm. The
inlet velocity Uy was 25.8 0.04 m/s, giving a chord Reynolds
number of 3.90 x 10° £2.5 x 10%. A blade-row-aligned coordinate
system (X, y, Z) is used to define positions, and an outflow aligned
system (x, y, z) is used to define the mean and fluctuating velocity
components (U, V, W) and (u, v, w) (see Fig. 1). The origin of the
(X, y,Z) system is at the endwall, midway between the leading
edges of blades 4 and 5 that frame the center cascade passage.

Measurements were made without relative motion between the
blade tips and endwall, that is, without use of the belt system de-
scribed in Part 2 (Ref. 2). Simultaneously maintaining eight hot-
wire sensors and a high-speed belt was simply not practical. The
relevance of measurements made without endwall motion was es-
tablished in Part 2 (Ref. 2). Here it was found that, regardless of wall
motion, the development of the tip leakage vortices that dominate
the endwall region is controlled by the streamwise mean velocity
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Fig. 1 Schematic of the cascade central passages and definition of coor-
dinate systems (y coordinate is measured out of paper from the endwall
beneath the blade tips): - - - -, plane of two-point turbulence measure-
ments.

deficit inside them and the turbulence it produces. Wall motion has
little effect on the magnitude of this deficit, its decay with down-
stream distance, and the peak turbulence levels it generates in the
vortex. Thus, although endwall motion distorts and displaces the
tip leakage vortices it does not alter the fundamental mechanisms
controlling their turbulent development. It is the coherent structure
associated with these mechanisms that is the primarily focus of the
two-point measurements presented here.

The flow conditions just given correspond to those of the baseline
flow described in detail in Part 1. In that paper single-point mea-
surements of mean velocity, Reynolds stresses, and triple products
made in four cross sections downstream of the central passage of the
cascade (at X /c, = 1.37,2.06, 2.83, 3.77) were described. Here ¢,
is the axial blade chord of 139 mm. Relevant results, along with
some velocity spectra, are summarized here to provide context for
the two-point data.

Figures 2a and 2b show contours of mean velocity U/ U, and of
turbulence kinetic energy k/ U2, (half the sum of the turbulence nor-
mal stresses) measured at X /c, =2.83. The contours clearly show
the vertical wakes of blades 4 and 5, located near Z/c, = —3.1 and
—4.8, and the region occupied by the tip leakage vortex shed by blade
4. Away from the endwall the wakes are almost two dimensional and
grow in a roughly self-similar fashion with distance downstream. !
They also display the near-Gaussian streamwise mean velocity pro-
file, double-peaked i and antisymmetric ww profiles that are char-
acteristic of fully developed wakes. Close to the endwall, the flow
is dominated by the leakage vortex, centered near y/c, =0.12,
Z/c, = —4.35. Consistent with the relatively light loading on the
blades, the tip leakage vortex generates a weak swirling flowfield,
but a strong streamwise mean velocity deficit (Fig. 2a). Peak tan-
gential velocities produced by the vortex are only about 4.5%U .,
whereas the peak axial velocity deficit at its center is about 22%
Uw. In a free vortex such a large ratio of axial velocity deficit to
peak tangential velocity would render the vortex unstable to helical
disturbances.® This instability generates helical turbulent structures
and mixing that acts to diffuse the axial velocity deficit.®

The tip leakage vortex is indeed a center of turbulent activity as
evidenced by the turbulence kinetic energy contours of Fig. 2b. Tur-
bulence levels in the vortex are considerably greater than those in the
blade wakes and decay at a slower rate with distance downstream
(see Part 1, Fig. 13c) making this the dominant source of turbulence
further downstream. Contours of turbulence production reveal that
most turbulence is being generated in an arc-shaped region above
and to the right of the core region. Almost all of this turbulence
production is associated with gradients of mean streamwise veloc-
ity, and very little is produced by the swirling motions—a result
consistent with the mean velocity measurements and the free vortex
analogy.

Figure 3 shows sample normalized autospectra of velocity fluc-
tuations measured at the locations shown in Fig. 2a, in the wake of
blade 4 and the tip leakage vortex. The spectra are plotted against
the nondimensional angular frequency wc,/U, and normalized so
that they integrate to the mean square velocity fluctuations %/ U2,
v2/UZ, and w*/UZ. Here U, is the velocity of the potential core
downstream of the cascade, equal to 0.74U.,. For the most part
the spectra have the broadband character typical of fully turbulent
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Fig. 2 Flow properties at X/c, =2.83: a) mean streamwise velocity
U/U and b) turbulence kinetic energy k/UgO. Letters in panel a show
locations of autospectra plotted in Fig. 3. Dashed lines in panel » show
profiles along which two-point measurements were made from the an-
chor locations marked by the numbered squares. Gray region in panel
b shows extent of two-point measurement grid associated with anchor
location 2.
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Fig. 3 Autospectra of velocity fluctuations at the six locations identi-
fied in Fig. 2a: a) GuuUe/U? ca, b) Gy U/U? cqy and ©) Gy Ue/U? o
Spectral density G defined in Eq. (1) for Ay=AZ=0.
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flows and display the —5/3 slope of the inertial subrange. Spectra
measured in the wake of blade 4 (points A, B, and C) appear much
like those measured in a plane two-dimensional wake.” The spectra
measured in the tip leakage vortex (D, E, and F) are remarkable
for their lack of features. Spectral levels here are higher than in the
wake because of the higher turbulence levels, but there are no distinct
spectral peaks that might indicate a periodically organized structure.
The spectra also do not show the extreme concentration of energy at
very low frequencies as would be expected if the vortex were wan-
dering significantly.® In fact, the two-point measurements presented
next provide conclusive evidence that wandering was not present.

Two-Point Results

Two-point measurements were made in this baseline flow at
X /c, =2.83 to reveal the scales and orientation of eddies contribut-
ing to the endwall turbulence and to examine the implications of
this structure for the generation of broadband stator noise in air-
craft engines. The measurements were made using two four sensor
hot-wire probes, holding one of the probes fixed, while the other
probe was traversed over a profile or grid of points (Fig. 2b). For
each point, 150 records of 3072 velocity samples were measured at
a sampling rate of 50 kHz over a total sampling time of about two
minutes. Uncertainties in measurements are presented in Table 1.°

The measurements were first processed by taking the fast Fourier
transform of the velocity time series and using them to compute
the nine-component cross-spectrum tensor between the fixed and
traversing probes as a function of the probe separation Ay and AZ,
for example,

Guly, Ay, Z, AZ, w)
= lim (z/T)E[u*(y, Z, o)u(y + Ay, Z + Az, w)] (1)
T—> 00

with similar expressions for G, G yw, Guy, Gyw, and Gy,,. A second
Fourier transform can then be taken with respect to distance (either
Ay, AZ or a combination) to yield a wave-number frequency spec-
trum, for example,

¢uu (y, k_v7 Z7 AZ, K,\)

o0

U, ko Ay
= Guu(y, Ay, Z, AZ, w)e F2 dAy 2)

T o

where K, =w/U,. Such spectra can provide data for a broadband
noise calculation but do not provide much intuitive feel for the turbu-
lence structure. A more physical presentation of the data is obtained
by taking the inverse Fourier transform of G, to obtain the (circular)
space—time correlation coefficient function

R (y, Ay, Z,AZ, T)

=/ Gu(y, Ay, Z, AZ, w)e! dw/uz(y, Z) 3

oo

Two-Point Profiles

The locations of the two-point profiles are marked in Fig. 2b. For
each profile the fixed probe location (ys, Z) is shown by the num-
bered square, and the associated dashed line is drawn through the
corresponding traversing probe positions. Profiles 1-4 are spanwise
profiles that were measured to reveal the structure of the turbulence
in the endwall region and its pitchwise Z uniformity, particularly
in and around the leakage vortex. Profile 5 was measured to ex-
amine the spanwise correlation length scales in the straight part of

Table 1 Uncertainty estimates at 20:1 odds estimated using
the method of Kline and McClintock®

Quantit Uncertaint
y y
U 0.01Ux
k 0.0005U2,
R RUU? wa 003
Guu, Gov, Gyuw 7%

the blade wake. Profile 6, a pitchwise profile with the same anchor
point as profile 5, was chosen to investigate the extent to which
the wakes of adjacent blades were correlated. None of the profile
6 measurements showed significant correlation at any time delay.
We therefore conclude that the blade wakes were not subject to any
correlated unsteadiness. All spanwise profiles (1-5) consisted of
20 to 30 two-point measurements. A minimum probe separation of
3.8 mm (0.027¢,) was used with an increment of 1.3 mm (0.009¢,)
for small probe separations. For larger separations, step size was
increased to a maximum of 10 mm (0.073¢,). Figure 2 includes a
table of anchor-point locations.

The spanwise space—time cross-correlation coefficient results
R(ys, Ay, Zy, 0, 7) are plotted in Fig. 4 against Ay /c, and T U, /c,.
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Fig. 4 Comparison of spanwise space-time correlation coefficient
functions for the five anchor locations in Fig. 2b. Contours in steps of
0.1: dashed lines, negative levels; black, positive levels; and gray, zero.
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If one were to apply Taylor’s hypothesis to these correlations, tU,
would represent distance in the mean-flow direction. The extent of
the correlation functions for profiles 1-3 suggest the presence of
significant large-scale structure within the tip leakage vortex flow.
This structure is highly anisotropic both in terms of the dissimilar-
ity between the correlations of different velocity components and
in terms of the scales of the various correlation functions, which
in most cases are a strong function of direction. Specifically, they
show u and w velocity fluctuations over the lower half of the vortex
(Ay/c, <0.13) to be well correlated with those at the fixed-probe
locations for significant time delays. (Note that, with the present
sign conventions, a positive time delay indicates an event occurring
at the moving probe location before it is seen at the fixed probe.)
The w component correlations in particular show evidence of neg-
ative side lobes centered at nondimensional time delays of about
0.4¢,. These are most clear in profile 1. The v-velocity fluctuations
correlate for significantly shorter times, but over a slightly greater
range of probe separations.

Profiles 4 and 5, measured in the blade wake, show smaller cor-
relation lengths, especially in v and w. The semicircular contours
in profile 5 suggest that the turbulence in the upper part of the blade
wake is fairly isotropic. The R, component at location 5 shows
alternate positive and negative lobes along the time axis that suggest
some quasi-periodicity in the large scale.

Two-Point Grid
Roughly 600 two-point measurements were taken in a grid
over the region indicated by the shaded area in Fig. 2b. For this
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Fig. 5 Spanwise-pitchwise (Ay — AZ) correlation coefficient func-
tions for anchor location 2 (see Fig. 2b). Contours in steps of 0.1: black,
positive levels and gray, zero.

data set, the fixed probe was positioned at location 2 (Z/c, =
—4.32,y;/c,=0.07) just below the vortex center at Z/c, =
—4.35,y¢/c,=0.12. A minimum probe separation of 3.8 mm
(0.027¢,) with an increment of 1.3 mm (0.009¢,) was used for small
probe separations. For larger separations, step size was increased to
a maximum of 10 mm (0.073c¢,).

Calculating the cross correlation for every two-point measure-
ment in the grid results in a three-dimensional correlation space.
The axes of the correlation space are the Ay and AZ coordinates,
which give the movable probe location relative to the fixed probe,
and the time-delay coordinate 7. This space can be examined by
looking at two-dimensional slices. One such slice, already pre-
sented in Fig. 4b, is the spanwise time-delay correlation function
R(0.07¢,, Ay, —4.32¢,, 0, 7). A second slice, the zero-time-delay
correlation function R(0.07¢,, Ay, —4.32¢,, AZ, 0), is presented
in Fig. 5. Consistent with the spanwise correlation, this picture
shows u and w velocity fluctuations over the lower half of the vor-
tex (Ay < 0.13) to be well correlated with those at the fixed-probe
locations for Z separations up to about 0.2¢,, one-quarter of the
width of the turbulent region generated by the vortex. These cor-
relations indicate the coherence of the turbulent fluctuations in the
flow swept across the wall by the tip leakage vortex. The v correla-
tions are more localized in Z but extend farther from the wall, to just
above the vortex center location. None of the correlation measure-
ments made at large probe separation (|[AZ/c, > 0.7|) showed any
significant values. In particular, we detected no correlation at any
time delay between velocity fluctuations in the adjacent tip leakage
vortices shed from blades 4 and 5.

The full, three-dimensional character of the space—time cor-
relation function becomes more apparent when we examine the
third orthogonal slice, the Z-wise time-delay correlation function
R(0.07¢,, 0, —4.32¢,, AZ, t), shown in Fig. 6. The correlations in
this plane extend much farther than in the other two and for all com-
ponents are concentrated in an elliptical region whose major axis
extends diagonally across the plane. In all components the corre-
lation function is highly anisotropic, the major axis of the ellipse
extending five to six times farther than its minor axis. Interestingly,
the pitchwise extent of this correlation, from about AZ/c, = —0.5
to 0.5, is roughly equal to the pitchwise extent of the vortex itself
(Fig. 2b). This suggests the presence of coherent structures or other
organized motions involving the whole vortex. The timewise ex-
tent of the correlation, from about tU,/c, = —0.5 to 0.7, implies
(given Taylor’s hypothesis) that these motions have a similar scale
in the streamwise direction. The coherent motions responsible for
these correlations therefore cannot be wandering, as that would im-
ply side-to-side motions of the vortex on a streamwise scale much
longer than its width.

To explain these remarkable correlation maps, it is necessary to vi-
sualize the full three-dimensional form of the correlation function.
An effective way of doing this is to use the correlation function

0.5

0
AZ/c,

Fig. 6 Pitchwise time-delay correlation coefficient functions for anchor location 2 (see Fig. 2b). Contours in steps of 0.1: black, positive levels and
gray, zero. Line AA represents the cut through the correlation space taken in the frame of reference of a hypothetical stator.
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Fig. 7 Three-dimensional flowfield associated with streamwise u ve-
locity fluctuations at location 2 determined using linear stochastic esti-
mation and Taylor’s hypothesis.

to plot the linear stochastic estimate of the instantaneous velocity
field associated with velocity fluctuations at location 2. It is easily
shown'? that the best linear estimate is just the product of that ve-
locity fluctuation and the correlation function, for example, for a
streamwise velocity fluctuation at 2, u,, the best linear estimate of
the instantaneous flowfield (u., v., w,) is

u.(y,Z,t) = uR,,(0.07¢,, Ay, —4.32¢,, AZ, T)
Ve (¥, Z,T) = u R,y (0.07¢c,, Ay, —4.32¢,, AZ, T)

w.(y, Z,t) = U R, (0.07¢,, Ay, —4.32¢,, AZ, T) (@]

where Ay=y — 0.07¢, and AZ=Z + 4.32¢,. Figure 7 shows
one such instantaneous field estimated for a u, fluctuation of unit
magnitude. To make the plot easier to interpret, the field has been
plotted in terms of flow-aligned coordinates measured from location
2 (Ax, Ay, Az), the transformation from the variables (Ay, AZ, 1)
being made using Taylor’s hypothesis, that is, Ax = —t U,. Stream-
traces and vorticity magnitude isosurfaces implied by the estimated
field are shown. These clearly show an intense elongated vortical
structure skewed at an angle of about 30 deg to the vortex axis.
The outer vorticity isosurface even suggests that this structure has
a double spiral form, wrapped around the vortex axis. This picture
is strongly reminiscent of the helical structures seen by Ragab® in
direct numerical simulations of a line vortex with unstably large
streamwise velocity defect, suggesting a similar mechanism is be-
hind the generation of turbulence in this vortex.

Implications for Engine-Noise Prediction

Although these results illustrate the complexity of the endwall
flow and the extreme anisotropy of its turbulence structure, they do
not directly reveal the correlated velocity field seen by a set of stator
blades. In a real aircraft engine, the rotor tip vortex wakes and the
stator blades are in different frames of reference, the former tracing
across the latter at the fan tip speed. In the present experiment,
which models the flow seen in a rotor-fixed frame, the stators would
appear to be translating in the negative Z direction at a speed W;
given by the approach freestream velocity (25.8 m/s) multiplied
by the sine of the cascade inlet angle (65.1 deg). Although it is
not possible to estimate completely the space—time correlation of
velocity fluctuations seen by such a stator blade from the present
measurements, we can at least illustrate some of the effects of the
frame of reference change upon the correlation function using the
grid of two-point measurements made in the tip leakage vortex.

As shown in the Appendix, the space-time correlation func-
tion seen in the stator frame of reference is simply related to the

tU,/k,

Fig. 8 Spanwise space-time correlation coefficient of upwash velocity
component u seen in the frame of reference of a hypothetical stator for
anchor location 2 (see Fig. 2b). Contours in steps of 0.1: black, positive
levels; gray, zero; and - - - -, negative levels.

pitchwise-averaged space—time correlation seen in the rotor frame
of reference. For example, the two-dimensional spanwise (Ay) time-
delay (7) correlation by a point on the leading edge of a stator moving
with apparent speed W; in the negative Z direction is given by a di-
agonal slice of slope W, through the Z-averaged three-dimensional
(Ay, AZ, ) correlation space seen in the rotor fixed frame.

Line AA shown in Fig. 6aillustrates this process showing the path
of this diagonal slice through the present (not pitchwise-averaged)
correlation data measured in the tip leakage vortex. The correspond-
ing spanwise space—time correlation function (again not pitchwise
averaged) seen by the stator is shown in Fig. 8. In both of these
figures, we plot the # component because, as it turns out, this is
almost exactly the upwash component that would be seen by the
stator—the upwash is the most important component from the point
of view of broadband noise generation.

Interestingly, the spanwise space—time correlation seen in the tip
leakage vortex in the stator frame of reference is quite similar to that
seen in the rotor frame (Fig. 4b), that is, that seen on a slice parallel
to the time axis. This lack of change is fortuitous, however, because
the two cuts happen to lie at roughly equal and opposite angles to
the major axis of the highly anisotropic correlation function of the
tip leakage vortex turbulence (Fig. 6). In fact, it appears that the
correlation function seen by the stator should be strongly dependent
upon the exact cut it takes through the rotor correlation space of the
tip leakage vortex. In other words, if the turbulence in real engine
tip leakage vortices is as anisotropic as that seen here, the velocity
correlations seen by a stator in a real engine is likely to be a strong
function of the engine geometry and operating point. This suggests
the task of accurately predicting the broadband noise generated by
such rotor/stator interactions might be a difficult one.

Conclusions

Velocity spectra and space—time correlations have been measured
in the wake of a low-speed linear compressor cascade with tip gap.
This is a flow in which the tip leakage vortex dominates the turbu-
lence structure in the endwall flow region. It generates a relatively
weak tangential velocity field but a strong axial velocity deficit. This
deficit appears to be the primary source of turbulence in the vortex
and, indeed, the endwall region.

Velocity spectra measured in the leakage vortex are remarkable
for their lack of features. Spectral levels here are higher than else-
where because of the higher turbulence levels, but there are no
distinct spectral peaks that might indicate a periodically organized
structure. The spectra also do not show the extreme concentration
of energy at very low frequencies as would be expected if the vortex
were wandering significantly. Indeed, two-point correlation mea-
surements show conclusively that low-frequency wandering is not
present.

The two-point measurements also show no correlation between
turbulent motions in the wakes or leakage vortices shed by adjacent
blades. They do, however, show the presence of significant large-
scale structure within the leakage vortex flow itself. This structure
appears highly anisotropic both in terms of the dissimilarity between
the correlations of different velocity components and in terms of the
scales of the various correlation functions, which in most cases are a
strong function of direction. In particular, pitchwise space—time cor-
relations measured just beneath the vortex center show an elongated
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elliptical region of strong correlation that extends diagonally across
the vortex. Linear stochastic estimation of the instantaneous ve-
locity field associated with velocity fluctuations beneath the vortex
appears to show that these correlations are produced by spirallike
coherent structures that make an angle of about 30 deg to the vortex
axis. These structures are reminiscent of helical structures seen by
Ragab® in direct numerical simulations of a line vortex with unstably
large streamwise velocity defect, suggesting a similar mechanism
might be behind the generation of turbulence in this vortex. Exam-
ination of the correlation data in the leakage vortex from the point
of view of a hypothetical stator blade suggests that, because of the
anisotropy in turbulence structure, velocity correlations seen by a
stator in a real engine are likely to be a strong function of engine
geometry and operating point.

Appendix: Relationship Between the Space-Time
Correlation in Stator and Rotor Frames

Consider the wake of a linear cascade of rotor blades impinging
on a row of stators as seen from the rotor frame of reference. The
upwash velocity field at the stator leading-edge plane in the rotor
frame of reference is denoted by

qg=qX.,y,Z,1) (AD)

where X, y, and Z are the rotor-fixed axial, spanwise, and pitchwise
coordinates (Fig. 1). The upwash velocity field at the stator leading-
edge plane in the stator frame of reference is denoted by

qs = %(Xu Vs» Z, 1) (A2)

where subscript s denotes a stator-fixed coordinate. The radial co-
ordinates y and y, and the axial coordinates X and X, are measured
from the same position, and the tangential coordinates Z and Z;
are coincident at = (. The apparent stator pitchwise velocity W; is
directed opposite to Z. Thus, we have the relation

%(Xx,)’quJ)=f1(X, y,Z—st, t) (A3)

The time-delay correlation between two points in the stator frame
of reference (X, vy, Zy) and (X, + AX;, ys + Ay, Z, + AZy) is
defined as

1 T
Lim — qs (Xxv ysZ:s t)q:(Xs + AXX’ Vs
T—o00 2T T
+ Ay, Z + AZg, t + 1) dt (A4)
Rewriting ¢, in terms of g gives
T
Lim — q(X,y,Z—-Wt,t)g(X + AX,y
T—o00 2T -7
+AY, Z+AZ =Wt +71),t+T1)dt (AS)

The result of this integral is independent of Z and 7 because the
flow is ergodic and (on time average) periodic in Z. Therefore,
the preceding integral can be averaged with respect to Z without
changing its value, that is,

R 1 T
/ Lim — q(X,y,Z — W, 1)
T — o0

Lim
RZ~>002RZ —Rs 2T T

xq(X+AX,y+ Ay, Z+AZ

—W,(t+ 7).t +1)dtdZ (A6)

where R, denotes the region of Z integration. Reversing the order
of integration gives

1 T R,
Lim —

Lim — X,y,Z — Wi, t
T—o00 2T 7TRZ"°°2RZ 7qu( Y )

XxqgX+AX,y+ Ay, Z+AZ —W,(t+71),t+71)dZdt
(A7)
Because the inner integration is carried out over all Z, it makes no

difference whether Z — Wt or Z alone appears in the argument of

q. So, the correlation becomes
T R;
Lim —

Lim — X, y,Z,t
T—o00 2T _TRZ*)OQZRZ _qu( Y )

xqg(X+AX,y+ Ay, Z+AZ—W,r,t+1)dZdt  (A8)

Again, reversing the order of integration gives

Ry 1 T
/ Lim — q(X,y,Z,1)

—R, T—>o00 2T T

Lim
R; — o0 ZRZ

xqg(X +AX,y+ Ay, Z+AZ —W,r,t +1)dtdZ  (A9)

This result is nothing more than the pitchwise average of the two-
point space—time correlation in the rotor-fixed frame, with AZ re-
placed by AZ — W,;t. We can thus infer the velocity correlation
function seen in the stator frame from that seen in the rotor frame.
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